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A NOTE ON POSITIVE DEFINITE, SYMPLECTIC FOUR-MANIFOLDS
JENNIFER HOM AND TYE LIDMAN
Abstract. We prove that a positive definite smooth four-manifold with b+2 ≥ 2 and having either
no 1-handles or no 3-handles cannot admit a symplectic structure.
1. Introduction
The geography problem for symplectic four-manifolds asks which signatures and Euler character-
istics can be realized by closed, symplectic four-manifolds. (For the current discussion, manifolds
will be closed, simply-connected, and smooth.) The importance of this problem is (more than)
two-fold. One reason is that many important constructions of exotic smooth four-manifolds make
use of a symplectic structure on one of the manifolds. A well-known example is to take the K3
surface, blown-up at one point. This is a simply-connected, symplectic manifold with odd inter-
section form, and with b+2 = 3 and b
−
2 = 20. Freedman’s theorem [Fre82] implies that K3#CP
2
is homeomorphic to #3CP
2#20CP 2. By Taubes’s theorem [Tau94], a four-manifold with b
+
2 ≥ 2
and a CP 2 summand cannot be symplectic, as it has vanishing Seiberg-Witten invariants. There-
fore, we have produced an exotic #3CP
2#20CP 2. Understanding the possible topological types of
symplectic four-manifolds help us to understand the topological types of exotica that we should
attempt to construct.
Another purpose of the geography problem is to understand the difference between symplectic
and complex or Ka¨hler manifolds. One key example of this is the Bogomolov-Miyaoka-Yau inequal-
ity [Bog78, Miy77, Yau77, Yau78]: every complex surface S of general type satisfies 3σ(S) ≤ χ(S).
It is an open question as to whether symplectic manifolds satisfy this as well. In fact, other than
CP 2, there are no known simply-connected symplectic four-manifolds on the BMY line, although
Stipsicz has constructed a family which is asymptotic to this line [Sti99].
We focus on a potential family of counterexamples to the symplectic BMY inequality: the case
where X is positive-definite with b+2 ≥ 2. This implies by Donaldson’s diagonalizability theorem
[Don83] and by [Fre82] that X is homeomorphic to #nCP
2. By Taubes’s theorem, #nCP
2 is not
symplectic for any n ≥ 2. Therefore, a simply-connected, positive definite, symplectic four-manifold
would be an exotic #nCP
2, for which there are currently none known.
The goal of this note is to prove that under mild conditions, simply-connected, positive definite,
symplectic manifolds do not exist. Recall that a manifold is called geometrically simply-connected
if it admits a handlebody decomposition with no 1-handles. Of course, this is equivalent to having
a decomposition with no 3-handles instead and such a manifold is simply-connected.
Theorem 1.1. Let X be a closed, geometrically simply-connected four-manifold with b+2 (X) ≥ 2.
If the intersection form of X is positive definite, then X is not symplectic.
In other words, for geometrically simply-connected, symplectic manifolds with b+2 (X) ≥ 2, there
exists an extremely weak version of a symplectic BMY inequality: σ(X) + 4 ≤ χ(X).
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It is natural to ask to what extent the condition on the handlebody decomposition of X is
necessary in Theorem 1.1. It is an open problem as to whether or not every closed, simply-
connected four-manifold is geometrically simply-connected [Kir95, Problem 4.18]. In fact, it is
unknown if every closed, simply-connected four-manifold admits a perfect Morse function: a Morse
function with the number of critical points equal to the sum of the Betti numbers of X; a perfect
Morse function necessarily gives a handlebody decomposition with no 1- and no 3-handles. By the
above theorem, a simply-connected, positive definite, symplectic four-manifold with b+2 ≥ 2 would
provide a counterexample to these questions. This idea for constructing four-manifolds without
perfect Morse functions is essentially due to Rasmussen [Ras10].
While CP 2 has b+2 = 1, it turns out we can use Theorem 1.1 to give an interesting characterization
of this manifold. The following was pointed out to us by Tian-Jun Li.
Corollary 1.2. If a simply-connected, closed four-manifold X has positive-definite intersection
form, a perfect Morse function, and a symplectic structure, then it is diffeomorphic to CP 2.
Proof. Theorem 1.1 implies that b+2 (X) = 1. By assumption, X has a handle decomposition with
one 0-handle, one +1-framed 2-handle attached along a knot K, and one 4-handle. Because there
are no 1- or 3-handles, we see that S31(K) = S
3. By the knot complement theorem [GL89], K is
the unknot. Therefore, we have given X the standard handlebody structure for CP 2. 
Theorem 1.1 will be proved by showing that if X has no 1-handles, b+2 ≥ 2, and positive-definite
intersection form, then the closed four-manifold invariants ΦX,s, defined by Ozsva´th-Szabo´ using
Heegaard Floer homology, must vanish for all s ∈ Spinc(X). The result will then follow from
a theorem of Ozsva´th-Szabo´ which states that if X is a symplectic manifold with b+2 ≥ 2, then
ΦX,s 6= 0 for a particular s [OS04d]. (This is the analogue of Taubes’s theorem on the non-vanishing
of the Seiberg-Witten invariants of symplectic manifolds.) The stated vanishing result will follow
from a technical computation for a particular cobordism map in Heegaard Floer homology.
Remark 1.3. It is interesting to point out that we were unable to prove Theorem 1.1 using the
Seiberg-Witten or Donaldson invariants. Our argument makes use of the knot filtration on the
Heegaard Floer chain complex and its relationship with Dehn surgery, which currently do not exist
in the gauge-theoretic invariants. Alternatively, there is likely a proof of Theorem 1.1 using the
surgery exact triangle from [OS08, Theorem 3.1], but as far as the authors know, no such analogue
of this particular exact triangle has been proved in monopole or instanton Floer homology.
The technical computation needed above will also allow us to obstruct certain four-manifolds
from admitting symplectic structures with convex boundary. Recall that the trace of an integral
surgery S3n(K) refers to the four-manifold obtained by attaching an n-framed 2-handle to the four-
ball along K. We write Wn(K) to denote the trace.
Theorem 1.4. Consider a knot K in S3 such that d(S31(K)) = 0. Then for n > 0 and any contact
structure on S3n(K), the trace Wn(K) cannot be a symplectic filling of S
3
n(K).
In the above theorem, d(S31(K)) denotes the correction term from Heegaard Floer homology
[OS03]. We do not need to distinguish between weak and strong fillability in the theorem, since
these are equivalent for rational homology spheres by [OO99].
Examples of knots with d(S31(K)) = 0 are quite numerous. For example, this includes any
smoothly slice knot [Pet10] or any negative torus knot [OS12, Theorem 6.1].
Remark 1.5. Theorem 1.4 can be seen to hold if K is smoothly slice without the techniques de-
veloped in this paper. For expository reasons, we will show this after the proof of Theorem 1.4 in
Section 3.
A NOTE ON POSITIVE DEFINITE, SYMPLECTIC FOUR-MANIFOLDS 3
Remark 1.6. It follows from work of the first author and Wu [HW14] that if d(S31(K)) = 0, then
τ(K) ≤ 0. Therefore, by work of Plamenevskaya [Pla04], we have that the maximum Thurston-
Bennequin number for any Legendrian representative of K is at most −1, and consequently this
proves that there is not an “obvious” Stein structure on the trace of +n-surgery on K. Theorem 1.4
thus rules out, for example, the existence of another knot K ′ with a Legendrian representative
having tb ≥ n+1 and for which the trace of +n-surgery is diffeomorphic to the trace of +n-surgery
on K.
Remark 1.7. Note that there exist knots K, for example the unknot, such that d(S31(K)) = 0 and
S3n(K) admits a fillable contact structure for n > 0; the knot 820 also has d(S
3
1(K)) = 0 and S
3
n(K)
admits a tight contact structure with non-vanishing Heegaard Floer contact invariant for all n > 0
[Gol15, Example 1.5]. We are grateful to Steven Sivek for pointing out the latter example.
Remark 1.8. Similar techniques to those used here were used by Mark and Tosun in the hat theory
to study the behavior of the Heegaard Floer contact invariant under rational surgery [MT15]. Anal-
ogously, their results provide obstructions to fillability for certain contact structures on manifolds
obtained by rational surgery (see [MT15, Corollary 1.4]).
Outline: In Section 2, we review the relevant material from Heegaard Floer homology, including
the definition of the closed four-manifold invariants. This is where we establish the main technical
result, which is the vanishing of a particular cobordism map in Heegaard Floer homology. In Sec-
tion 3, we prove Theorems 1.1 and 1.4.
Acknowledgments: We would like to thank Tian-Jun Li, Ciprian Manolescu, Tim Perutz, Steven
Sivek, and Ian Zemke for helpful discussions. The first author was partially supported by NSF grants
DMS-1128155, DMS-1307879, and a Sloan Research Fellowship. The second author was partially
supported by NSF grants DMS-1128155 and DMS-1148490.
2. Four-manifold invariants and Heegaard Floer homology
2.1. The mixed invariants. We begin by reviewing the Ozsva´th-Szabo´ four-manifold invariants,
defined in [OS06], coming from Heegaard Floer homology. We will work over F = Z/2Z, since the
proofs of invariance currently only hold for Z/2Z-coefficients [Zem15] (see also [Juh09]). However,
modulo this issue, the arguments in this paper can easily be extended to hold for any coefficients.
We focus on the definition of the mixed invariants of closed four-manifolds from [OS06, Section 9];
see also [MO10, Section 11.3]. We assume the reader is familiar with Heegaard Floer homology for
three-manifolds as in [OS04c] and the knot Floer complex as in [OS04b]. Given a Spinc cobordism
(W, t) from (Y1, s1) to (Y2, s2), Ozsva´th and Szabo´ define a map
F ◦W,t : HF
◦(Y1, s1)→ HF
◦(Y2, s2),
where we use ◦ to denote either ̂,+,−, or ∞. It is important to note that this map is grading
homogeneous, but not necessarily grading preserving. When s1, s2 are torsion, the change in degree
is computed by
gr(F ◦W,t) =
c1(t)
2 − 2χ(W )− 3σ(W )
4
.
Let X be a closed, oriented four-manifold with b+2 (X) ≥ 2. We delete two four-balls to ob-
tain a cobordism W from S3 to S3. Cut W along a three-manifold N such that W is divided
into cobordisms W1, W2 with b
+
2 (W1), b
+
2 (W2) ≥ 1 and δH
1(N ;Z) = 0 ⊂ H2(W,∂W ;Z), where
δ : H1(N ;Z)→ H2(W,∂W ;Z) is the coboundary map in the relative Mayer-Vietoris sequence. We
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call such an N an admissible cut, and one always exists. Note that the latter condition guarantees
that there is at most one Spinc structure on W which restricts to given Spinc structures on W1 and
W2 respectively.
Let t be a Spinc structure on X, and by abuse of notation, let t also denote the induced Spinc
structure on W . The cobordisms W1,W2 induce the following maps:
F−
W1,t|W1
: HF−(S3)→ HF−(N, t|N )
F+
W2,t|W2
: HF+(N, t|N )→ HF
+(S3),
each of which factors through HFred(N, t|N ). We compose these two maps to obtain the mixed
map
FmixW,t : HF
−(S3)→ HF+(S3).
We define the closed four-manifold invariant ΦX,t ∈ F to be non-zero if and only if the mixed map
FmixW,t is non-zero.
We remark that the mixed invariants were originally defined with extra structure, taking into
account H1(X;Z). Since the manifolds we consider all have trivial first homology, we will not
discuss this more general structure.
The key fact about the mixed invariants that we will need is the non-vanishing result of Ozsva´th-
Szabo´ for symplectic manifolds, which is the analogue of Taubes’s non-vanishing result for the
Seiberg-Witten invariants. While their results are stronger, we will only need the most basic part
of the result.
Theorem 2.1 (Ozsva´th-Szabo´, [OS04d]). Let X be a closed, connected, oriented, smooth four-
manifold with b+2 ≥ 2. If X is symplectic, then ΦX,t 6= 0 for t the canonical Spin
c structure.
In fact, we will only need that ΦX,t is non-zero for some t.
2.2. Completions. In order to prove Theorems 1.1 and 1.4, we will need to understand, in certain
situations, the Heegaard Floer homology cobordism map associated to a 2-handle attachment. We
will do this computation using the mapping cone formula [OS08], a tool for computing the Heegaard
Floer homology of surgery on a knot, which we will recall in the next subsection. This approach
describes the cobordism map in terms of the knot Floer complex, CFK∞. We will be particularly
interested in computing these cobordism maps for HF− (as opposed to HF+). In order to apply
the mapping cone formula for the minus theory, we must work with completed coefficients, i.e., we
work with modules over the ring F[[U ]] as in [MO10] (see also [KM07]), instead of F[U ]. We do not
discuss the case of HF+, since completions do not change HF+ as every element is in the kernel
of Un for some n.
For a Spinc three-manifold (Y, s), we define CF−(Y, s) analogously to CF−(Y, s), except we use
the base ring F[[U ]] instead of F[U ]. In other words CF−(Y, s) = CF−(Y, s) ⊗F[U ] F[[U ]]. From
this, we obtain HF−(Y, s). From now on, we will only discuss the case that s is torsion. (See
[MO10, Section 2] for the case of non-torsion Spinc structures.) It is an annoying observation that
CF−(Y, s) is not a relatively Z-graded chain complex in the usual sense, since if the degree of U is
−2, then CF−(Y, s) does not split as a direct sum of its graded pieces. We do have that CF−(Y, s)
is a relatively Z/2Z-graded chain complex. Since F[[U ]] is flat over F[U ], we have that HF−(Y, s) is
isomorphic to HF−(Y, s) ⊗F[U ] F[[U ]]; since HF
−(Y, s) is (non-canonically) isomorphic to a direct
sum of modules of the form F[U ] or F[U ]/Uk, we can recover HF−(Y, s) from HF−(Y, s), say as a
relatively Z/2Z-graded F[U ]-module.
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The cobordism maps F−W,t : HF
−(Y1, s1) → HF
−(Y2, s2) also have analogues in the completed
setting as well, denoted F−W,t : HF
−(Y1, s1) → HF
−(Y2, s2). More generally, a Z-grading homo-
geneous chain map f : CF−(Y1, s1) → CF
−(Y2, s2) respecting the F[U ]-module structure induces
a Z/2Z-grading homogenous F[U ]-module map f : CF−(Y1, s1) → CF
−(Y2, s2), and similarly on
homology. In this case, f∗ is identically zero (respectively surjective) if and only if f∗ is identically
zero (respectively surjective). We point out that this observation is not true if s1 and s2 are non-
torsion. For example, for n 6= 0, we have that HF−(S2 × S1, sn) ∼= F[U ]/(U
n − 1), where c1(sn) is
2n times a generator of H2(S2 × S1;Z), while HF−(S2 × S1, sn) = 0; see [MO10, Section 2].
2.3. The mapping cone formula and cobordism maps. We now recall the mapping cone
formula of [OS08], which allows us to compute the Heegaard Floer homology of Dehn surgeries,
as well as the cobordism maps for 2-handle attachments. We will also describe the mapping cone
formula for HF− given in [MO10]. We state these results for the case of n-surgery on a knot in S3
for an integer n. For rational surgeries, see [OS11].
Let CFK∞(K) denote the knot Floer complex of K ⊂ S3. The complex CFK∞(K) is freely
generated over F[U,U−1] and has the structure of a Z ⊕ Z-filtered F[U ]-module. For X a subset
of Z ⊕ Z, let CX denote the subgroup of CFK∞(K) generated by elements with filtration level
(i, j) ∈ X. The group CX will inherit the structure of a chain complex if it is a subquotient
complex of CFK∞(K), in which case it also inherits the structure of an F[U ]-module. We consider
the following subcomplexes of CFK∞(K):
A−s = C{i ≤ 0 and j ≤ s}
B−s = C{i ≤ 0},
and the quotient complexes
A+s = CFK
∞(K)/A−s = C{i > 0 or j > s}
B+s = CFK
∞(K)/B− = C{i > 0}.
The complexes A±s are quasi-isomorphic to CF
±(S3N (K), sN,s) for N ≫ 0 and some Spin
c struc-
ture sN,s. In particular, H(A
−
s ) (respectively H(A
+
s )) is non-canonically isomorphic to the sum of
F[U ] (respectively T + = F[U,U−1]/F[U ]) together with a finite-dimensional, U -torsion module.
Remark 2.2. In [OS08], A+s is defined to be C{i ≥ 0 or j ≥ s} and B
+
s to be C{i ≥ 0}. Up to
an overall grading shift, which will not matter for our purposes, these two definitions agree. In
particular, the definitions of V +s and H
+
s below agree with their definitions in [NW15].
The complex B−s is naturally identified with CF
−(S3) and B+s with CF
+(S3). Furthermore,
there is a chain homotopy equivalence from C{j ≤ 0} to B−s and from C{j > 0} to B
+
s . We have
natural chain maps
v−s : A
−
s → B
−
s
v+s : A
+
s → B
+
s
consisting of inclusion and projection respectively. We also have maps
h−s : A
−
s → B
−
s+n
h+s : A
+
s → B
+
s+n.
The map h−s consists of inclusion into C{j ≤ s}, followed by the identification of C{j ≤ s} with
C{j ≤ 0} (via multiplication by U s), followed by the chain homotopy equivalence from C{j ≤ 0} to
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C{i ≤ 0}. The map h+s consists of quotienting by C{i > 0 and j ≤ s}, followed by the identification
of C{j > s} with C{j > 0} (via multiplication by U s), followed by the chain homotopy equivalence
from C{j > 0} to C{i > 0}.
We will also work with the completions with respect to U for the minus theory, yielding complexes
A−s and B
−
s , as well as maps v
−
s and h
−
s .
Define
D−n :
∏
s∈Z
A−s →
∏
s∈Z
B−s
where for as ∈ A
−
s ,
D−n (as) = v
−
s (as) + h
−
s (as).
Note that the cone of D− is a Z/2Z-graded chain complex.
Theorem 2.3 ([MO10, Theorem 1.1 and Theorem 11.3]). The homology of the mapping cone of
D−n is isomorphic to HF
−(S3n(K)). Moreover, under this identification, the natural map
H∗(B
−
s )→ H∗(Cone(D
−
n ))
is identified with the map
HF−(S3)→ HF−(S3n(K))
induced by the natural two-handle cobordism Wn(K) endowed with the s
th Spinc structure (for the
identification of the Spinc structures with the integers as in [MO10]).
Remark 2.4. One can similarly define
D+n : ⊕s∈Z A
+
s → ⊕s∈ZB
+
s
where D+n (as) = v
+
s (as)+h
+
s (as) for as ∈ A
+
s . The analogous result to Theorem 2.3 holds for HF
+,
e.g., the homology of the mapping cone of D+n is isomorphic to HF
+(S3n(K)); see [OS08, Theorem
1.1]. However, for our purposes here, we will only need the mapping cone formula for HF−.
Remark 2.5. The reason we need completions and direct products in the minus theory is that for a
given cobordism W , the element F−W,t(x) can be non-zero for infinitely many t; for further details,
see [MO10, Section 8.1]. This situation never occurs in the plus theory by [OS06, Theorem 3.3].
Theorem 2.3 also provides an effective way to compute the d-invariants of surgery on K, which
we now describe.
The chain maps v◦s and h
◦
s induce maps
v◦s,∗ : H(A
◦
s)→ H(B
◦
s )
h◦s,∗ : H(A
◦
s)→ H(B
◦
s+n).
Similarly, v−s and h
−
s induce maps
v−s,∗ : H(A
−
s )→ H(B
−
s )
h−s,∗ : H(A
−
s )→ H(B
−
s+n).
We define integers V +s and H
+
s as follows. Let T
+ = F[U,U−1]/F[U ]. Recall that H(B+s )
∼= T +.
There is a distinguished submodule T + ⊂ H(A+s ) consisting of elements which are in the image of
UN for arbitrarily large N . Define
V +s = rank(ker v
+
s,∗|T +)
H+s = rank(ker h
+
s,∗|T +).
Then v+s,∗|T + (respectively h
+
s,∗|T +) is multiplication by U
V +s (respectively UH
+
s ).
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From [NW15, Lemma 2.4 and Proposition 1.6] we have
d(S31(K)) = −2V
+
0 (2.1)
V +s+1 ≤ V
+
s (2.2)
H+s = V
+
−s. (2.3)
We can similarly define
V −s = rank(coker v
−
s,∗)
H−s = rank(coker h
−
s,∗).
Recall that H(B−s )
∼= F[U ] and H(A−s )/ ker(U
N ) ∼= F[U ] for N ≫ 0. Since v−s and h
−
s are zero on
the U -torsion submodule of H(A−s ), we see that v
−
s,∗ (respectively h
−
s,∗) induces a self-map of F[U ]
which is given by multiplication by UV
−
s (respectively UH
−
s ).
Lemma 2.6. For all s, we have V −s = V
+
s .
Proof. The proof is essentially identical to that of [OSS14, Proposition 2.13]. Namely, we consider
the following commutative diagram
H(A−s ) −−−−→ HF
∞(S3) −−−−→ H(A+s )
v−s,∗
y y v+s,∗y
HF−(S3) −−−−→ HF∞(S3) −−−−→ HF+(S3),
where the upper left arrow is induced by inclusion into CFK∞(K) and the upper right arrow is
induced by projection. Recall that v+s,∗ restricted to the image of HF
∞(S3) in H(A+s ) is multiplica-
tion by UV
+
s . Thus, the middle vertical arrow above is given by multiplication by UV
+
s . Similarly,
since both v−s,∗ and the map from H(A
−
s ) to HF
∞(S3) are zero on the U -torsion submodule of
H(A−s ), the map given by the middle vertical arrow is multiplication by U
V −s . It follows that
V −s = V
+
s . 
In light of the above lemma, we will omit the superscript and simply write Vs rather than V
±
s .
2.4. A vanishing theorem for 2-handle maps. Using Theorem 2.3, we are now able to establish
the main technical result we will need to prove Theorems 1.1 and 1.4.
Proposition 2.7. Suppose that d(S31(K)) = 0. Then for n a positive integer, the induced map
F−
Wn(K),t
: HF−(S3)→ HF−(S3n(K))
is identically zero for all Spinc structures t on Wn(K).
Remark 2.8. Rasmussen uses similar arguments to study the cobordism map in the case of 0-framed
2-handles in [Ras10].
Proof. For ease of exposition, we consider the case n = 1; a similar argument applies for n > 1.
As discussed in Section 2.2, it suffices to show that F−
W1(K),t
is zero for all t (i.e., to establish the
result for completed coefficients). We now fix t and let s be such that 〈c1(t), [Σ̂]〉 = 2s + 1, where
Σ̂ is a capped-off Seifert surface for K in W1(K). Throughout this proof, we only work with the
minus theory, so to simplify notation, we write As rather than A
−
s , etc.
Consider the quotient complex X of Cone(D1) defined by X = A⊕ B, where
A = ⊕g−1i=1−gAi, B = ⊕
g−1
i=2−gBi.
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Here, the differential on X is induced by D1 and g denotes the Seifert genus of K. See Figure 1.
By [MO10, Lemma 8.8] (see also [OS08, Section 4.1]), we see that the projection from Cone(D1)
to X is a quasi-isomorphism. Therefore, the cobordism map
F−
W1(K),t
: HF−(S3)→ HF−(S31(K))
will be zero if the the inclusion of Bs into X is trivial on homology; indeed, the inclusion of Bs into
Cone(D1) would induce the zero map on homology, and the result will follow from Theorem 2.3.
Consider the short exact sequence
0→ B→ X→ A→ 0
and the associated long exact sequence
· · · → H(A)
∂
→ H(B)
ι
→ H(X)→ · · ·
The boundary operator ∂ in the long exact sequence is induced by D1. If we can show that the
boundary operator is surjective, this will imply that the map ι : H(B) → H(X) is zero. Since the
map from H(Bs) to H(X) factors through H(B), it will follow that FW1(K),t is zero. Note that for
s ≤ 1− g or s ≥ g, the triviality of the cobordism map follows immediately from the fact that the
map from Bs into B is identically 0 on the chain level. We now consider the case 2− g ≤ s ≤ g− 1.
A1−g A2−g A−1 A0 A1 Ag−2 Ag−1
B2−g B0 B1 Bg−1
. . . . . .h1−g v2−g h−1 v0 h0 v1 hg−2 vg−1
Figure 1.
By hypothesis d(S31 (K)) = 0, so by (2.1) and (2.2), Vi = 0 for i ≥ 0. In particular, for i ≥ 0, the
map vi,∗ is surjective, and thus vi,∗ is surjective as well. Similarly, by (2.3), we have that Hi = 0
for all i ≤ 0, and thus hi,∗ is surjective for all such i. Consider the induced map on homology
D1,∗ : H(A)→ H(B) given by ai 7→ vi,∗(ai) +hi,∗(ai) for ai ∈ H(Ai) where vi,∗ : H(Ai)→ H(Bi)
and hi,∗ : H(Ai)→ H(Bi+1). We claim that H(Bs) is in the image of D1,∗ for 2− g ≤ s ≤ g − 1.
We begin with the case that 0 ≤ s ≤ g − 1. Given bs ∈ H(Bs), we define an element of H(A)
as follows. Since vs,∗ is surjective, there exists as ∈ H(As) such that vs,∗(as) = bs. Next, for
i ≥ s, define inductively ai+1 ∈ H(Ai+1) by vi+1,∗(ai+1) = hi,∗(ai). Such an ai+1 exists by the
surjectivity of vi+1,∗. It is now straightforward to verify that
D1,∗
( g−1∑
i=s
ai
)
= vg−1,∗(ai) +
g−2∑
i=s
(vi,∗(ai) + hi,∗(ai))
= vs,∗(as) + hs,∗(as) + vg−1,∗(ai) +
g−2∑
i=s+1
(vi,∗(ai) + hi,∗(ai))
= vs,∗(as) + vs+1,∗(as+1) + vg−1,∗(ai) +
g−2∑
i=s+1
(vi,∗(ai) + vi+1,∗(ai+1))
= vs,∗(as)
= bs,
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since hg−1,∗ = v1−g,∗ = 0 in the quotient complex X, as the targets of these maps are not in X.
This proves the claim for 0 ≤ s ≤ g − 1. A similar argument, using that hs,∗ is surjective for
s ≤ 0, shows that H(Bs) is also in the image of D1,∗ for 2− g ≤ s < 0. This implies that the map
D1,∗ : H(A)→ H(B) is surjective, which is what we needed to show.
The argument is nearly identical for n > 1. Namely, given bs ∈ H(Bs), we use the fact that vs,∗
(respectively hs,∗) is surjective for s ≥ 0 (respectively s ≤ 0) to find elements ai, i ≡ s (mod n),
such that Dn,∗(
∑
ai) = bs. 
3. Proofs of the main theorems
Having established our main technical result in Proposition 2.7, Theorems 1.1 and 1.4 will follow
fairly quickly. Throughout this section, all handlebody decompositions are assumed to have a single
0-handle and if the manifold is closed, a single 4-handle. For the proof of Theorem 1.1, we will first
need a short lemma about handlebody decompositions of definite four-manifolds. The following is
standard, but we include it for completeness.
Lemma 3.1. Consider a handlebody decomposition of a closed, positive definite four-manifold X
with no 1-handles, n 2-handles, and k 3-handles. Then, there exists a handlebody decomposition
of X with the same numbers of 1-, 2-, and 3-handles, but such that the linking matrix for the
2-handles is of the form
(
In−k 0
0 0k
)
, where In−k denotes the (n− k)× (n− k) identity matrix and
0k denotes the k × k zero matrix.
Proof. Consider a handlebody decomposition as in the hypothesis of the lemma. By construction,
the framed link L presenting the 2-handle attachments provides a surgery description for #kS
2×S1.
Thus, the linking matrix, QL, for L has nullity k. It is a standard fact in lattice theory that this
implies that QL is equivalent to a lattice of the form
Q′ =
(
A 0
0 0k
)
, (3.1)
where A is a symmetric (n − k) × (n − k) integral matrix which is invertible over Q. Since Q′
provides a presentation matrix for H1(#kS
2 × S1;Z) = Zk, we have that A must be unimodular.
Thus, we may handleslide L to obtain a new framed link L′ whose linking matrix QL′ is given by
Q′.
Let M ⊂ L′ denote the (n − k)-component framed sublink whose linking matrix is A (i.e., the
first n − k components of L′). Let Y denote the integer homology sphere obtained by framed
surgery on M . Consider the decomposition X = W ∪Y Z, where W consists of the 0-handle and
the 2-handles attached along the components of M and Z consists of the 2-handles in L′−M (i.e.,
the ones which have framing 0 and linking number 0 with all other components), together with the
3- and 4-handles. Note that b2(W ) = n − k = b2(X). Since Y is an integer homology sphere, the
intersection form of X splits as a sum of the intersection forms for W and Z. It follows that the
intersection form of Z is trivial and thus the intersection form of W agrees with that of X.
Since X is positive-definite, Donaldson’s theorem implies that the intersection form of W is
diagonalizable. Therefore, there exists a sequence of handleslides of M which results in a framed
link whose linking matrix is given by In−k. Note that since the linking number of any component of
L′ −M with each component of M is zero, we can perform these handleslides in the entire framed
link L′ without affecting any framings of or linking numbers involving the components of L′ −M .
In other words, there exists a sequence of handleslides of L′ such that the resulting linking matrix
is of the form
(
In−k 0
0 0k
)
. 
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Proof of Theorem 1.1. Our goal is to identify a copy ofW1(K) in X for some K with d(S
3
1 (K)) = 0
so we can apply Proposition 2.7. After possibly turning X upside-down, we can find a handlebody
decomposition of X with no 1-handles. Now, we may apply Lemma 3.1 to find a submanifold of
the form W1(K) smoothly embedded in X for some K (i.e., using the handlebody decomposition
coming from the lemma, we can attach to the 0-handle one of the +1-framed 2-handles).
Then, we may decompose X =W1(K)∪S3
1
(K)P . Note that S
3
1(K) is an integer homology sphere
and b+2 (W1(K)) = 1, which implies that b
+
2 (P ) = b
+
2 (X) − 1 ≥ 1. In particular, S
3
1(K) gives an
admissible cut. Since S31(K) is the boundary of W1(K), which is positive definite, we see that
d(S31(K)) ≤ 0 [OS03, Corollary 9.8]. Since −S
3
1(K) is the boundary of P , which is also positive
definite, we have that d(−S31(K)) ≤ 0. This implies that d(S
3
1(K)) = 0, since d-invariants reverse
sign under orientation reversal [OS03].
Let t be a Spinc structure on X, and let t1 and t2 denote the restrictions to W1(K) − B
4 and
P −B4 respectively. Proposition 2.7 implies that F−
W1(K)−B4,t1
= 0. Since the mixed map is equal
to F+
P−B4,t2
◦ F−
W1(K)−B4,t1
, we have that ΦX,t = 0. The result now follows from Theorem 2.1. 
Proof of Theorem 1.4. Assume that the trace Wn(K) symplectically fills (S
3
n(K), ξ), for some con-
tact structure ξ on S3n(K). We now apply a standard argument used in [KM04], [KMOS07],
[OS04a]. By [EH02] (see also [Eli04], [Etn04]), we can embed Wn(K) in a symplectic manifold X
with b+2 (X) ≥ 2. By Theorem 2.1, we have that ΦX,t 6= 0 for some t. By construction, we have an
admissible cut of X along S3n(K) with one piece being Wn(K). By assumption d(S
3
1(K)) = 0, so
Proposition 2.7 implies that ΦX,t = 0, which is a contradiction. 
We conclude the paper by providing a more elementary proof of Theorem 1.4 in the case that K
is smoothly slice. If K is slice, then by capping off the slice disk in the four-ball with the core of the
n-framed 2-handle, we obtain a smoothly embedded sphere in Wn(K) with self-intersection n > 0.
If the trace provided a symplectic filling of the boundary, we could embed it in a closed symplectic
manifold with b+2 ≥ 2 as in the proof of Theorem 1.4. However, a closed symplectic four-manifold
with b+2 ≥ 2 cannot contain a sphere of positive self-intersection by [MST96, Proposition 10.1], which
is a contradiction. For a self-contained way to see this last claim, take a regular neighborhood of
the sphere, which is a disk bundle over S2 with Euler number n, and thus has boundary L(n, 1).
Since n > 0, this disk bundle has b+2 = 1, so the lens space gives an admissible cut. However,
HFred(L(n, 1)) = 0, and we see that the Ozsva´th-Szabo´ invariants for the four-manifold vanish,
contradicting Theorem 2.1.
References
[Bog78] Fedor A. Bogomolov, Holomorphic tensors and vector bundles on projective manifolds, Izv. Akad. Nauk
SSSR Ser. Mat. 42 (1978), no. 6, 1227–1287, 1439.
[Don83] Simon K. Donaldson, An application of gauge theory to four-dimensional topology, J. Differential Geom.
18 (1983), no. 2, 279–315.
[EH02] John B. Etnyre and Ko Honda, On symplectic cobordisms, Math. Ann. 323 (2002), no. 1, 31–39.
[Eli04] Yakov Eliashberg, A few remarks about symplectic filling, Geom. Topol. 8 (2004), 277–293.
[Etn04] John B. Etnyre, On symplectic fillings, Algebr. Geom. Topol. 4 (2004), 73–80.
[Fre82] Michael Hartley Freedman, The topology of four-dimensional manifolds, J. Differential Geom. 17 (1982),
no. 3, 357–453.
[GL89] Cameron Gordon and John Luecke, Knots are determined by their complements, J. Amer. Math. Soc. 2
(1989), no. 2, 371–415.
[Gol15] Marco Golla, Ozsva´th-Szabo´ invariants of contact surgeries, Geom. Topol. 19 (2015), no. 1, 171–235.
[HW14] Jennifer Hom and Zhongtao Wu, Four-ball genus bounds and a refinement of the Ozsva´th-Szabo´ tau-
invariant, 2014, arXiv:1401.1565. To appear in J. Symplectic Geom.
A NOTE ON POSITIVE DEFINITE, SYMPLECTIC FOUR-MANIFOLDS 11
[Juh09] Andra´s Juha´sz, Cobordisms of sutured manifolds and the functoriality of link Floer homology, 2009,
arXiv:0910.4382.
[Kir95] Robion Kirby, Problems in low-dimensional topology, 1995.
[KM04] Peter Kronheimer and Tomasz Mrowka, Witten’s conjecture and property P, Geom. Topol. 8 (2004),
295–310 (electronic).
[KM07] , Monopoles and three-manifolds, New Mathematical Monographs, vol. 10, Cambridge University
Press, Cambridge, 2007.
[KMOS07] Peter Kronheimer, Tomasz Mrowka, Peter Ozsva´th, and Zolta´n Szabo´,Monopoles and lens space surgeries,
Ann. of Math. (2) 165 (2007), no. 2, 457–546.
[Miy77] Yoichi Miyaoka, On the Chern numbers of surfaces of general type, Invent. Math. 42 (1977), 225–237.
[MO10] Ciprian Manolescu and Peter Ozsva´th, Heegaard Floer homology and integer surgeries on links, 2010,
arXiv:1011.1317.
[MST96] John W. Morgan, Zolta´n Szabo´, and Clifford Henry Taubes, A product formula for the Seiberg-Witten
invariants and the generalized Thom conjecture, J. Differential Geom. 44 (1996), no. 4, 706–788.
[MT15] Thomas E. Mark and Bu¨lent Tosun, Naturality of Heegaard Floer invariants under positive rational contact
surgery, 2015, arXiv:1509.01511.
[NW15] Yi Ni and Zhongtao Wu, Cosmetic surgeries on knots in S3, J. Reine Angew. Math. 706 (2015), 1–17.
[OO99] Hiroshi Ohta and Kaoru Ono, Simple singularities and topology of symplectically filling 4-manifold, Com-
ment. Math. Helv. 74 (1999), no. 4, 575–590.
[OS03] Peter Ozsva´th and Zolta´n Szabo´, Absolutely graded Floer homologies and intersection forms for four-
manifolds with boundary, Adv. Math. 173 (2003), no. 2, 179–261.
[OS04a] , Holomorphic disks and genus bounds, Geom. Topol. 8 (2004), 311–334.
[OS04b] , Holomorphic disks and knot invariants, Adv. Math. 186 (2004), no. 1, 58–116.
[OS04c] , Holomorphic disks and topological invariants for closed three-manifolds, Ann. of Math. (2) 159
(2004), no. 3, 1027–1158.
[OS04d] , Holomorphic triangle invariants and the topology of symplectic four-manifolds, Duke Math. J.
121 (2004), no. 1, 1–34.
[OS06] , Holomorphic triangles and invariants for smooth four-manifolds, Adv. Math. 202 (2006), no. 2,
326–400.
[OS08] Peter S. Ozsva´th and Zolta´n Szabo´, Knot Floer homology and integer surgeries, Algebr. Geom. Topol. 8
(2008), no. 1, 101–153.
[OS11] , Knot Floer homology and rational surgeries, Algebr. Geom. Topol. 11 (2011), no. 1, 1–68.
[OS12] Brendan Owens and Sasˇo Strle, A characterization of the Zn ⊕ Z(δ) lattice and definite nonunimodular
intersection forms, Amer. J. Math. 134 (2012), no. 4, 891–913.
[OSS14] Peter Ozsva´th, Andra´s Stipsicz, and Zolta´n Szabo´, Concordance homomorphisms from knot Floer homol-
ogy, 2014, arXiv:1407.1795.
[Pet10] Thomas David Peters, Computations of Heegaard Floer homology: Torus bundles, L-spaces, and correction
terms, ProQuest LLC, Ann Arbor, MI, 2010, Thesis (Ph.D.)–Columbia University.
[Pla04] Olga Plamenevskaya, Bounds for the Thurston-Bennequin number from Floer homology, Algebr. Geom.
Topol. 4 (2004), 399–406.
[Ras10] Jacob Rasmussen, Perfect Morse functions and exotic S2 × S2’s, 2010, arXiv:1005.4674.
[Sti99] Andra´s I. Stipsicz, Simply connected symplectic 4-manifolds with positive signature, Proceedings of 6th
Go¨kova Geometry-Topology Conference, vol. 23, 1999, pp. 145–150.
[Tau94] Clifford Henry Taubes, The Seiberg-Witten invariants and symplectic forms, Math. Res. Lett. 1 (1994),
no. 6, 809–822.
[Yau77] Shing Tung Yau, Calabi’s conjecture and some new results in algebraic geometry, Proc. Nat. Acad. Sci.
U.S.A. 74 (1977), no. 5, 1798–1799.
[Yau78] , On the Ricci curvature of a compact Ka¨hler manifold and the complex Monge-Ampe`re equation.
I, Comm. Pure Appl. Math. 31 (1978), no. 3, 339–411.
[Zem15] Ian Zemke, Homological actions and naturality in Heegaard Floer homology, 2015, In preparation.
School of Mathematics, Georgia Institute of Technology, Atlanta, GA 30332
12 JENNIFER HOM AND TYE LIDMAN
School of Mathematics, Institute for Advanced Study, Princeton, NJ 08540
E-mail address: hom@math.gatech.edu
School of Mathematics, Institute for Advanced Study, Princeton, NJ 08540
E-mail address: tlid@math.utexas.edu
